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COHOMOLOGY OF FACE RINGS, AND TORUS ACTIONS
TARAS PANOV
Abstrat. In this survey artile we present several new developments
of `tori topology' onerning the ohomology of fae rings (also known
as StanleyReisner algebras). We prove that the integral ohomology
algebra of the moment-angle omplex ZK (equivalently, of the omple-
ment U(K) of the oordinate subspae arrangement) determined by a
simpliial omplex K is isomorphi to the Tor-algebra of the fae ring
of K. Then we analyse Massey produts and formality of this algebra
by using a generalisation of Hohster's theorem. We also review several
related ombinatorial results and problems.
1. Introdution
This artile entres on the ohomologial aspets of `tori topology', a new
and atively developing eld on the borders of equivariant topology, ombi-
natorial geometry and ommutative algebra. The algebro-geometri oun-
terpart of tori topology, known as `tori geometry' or algebrai geometry of
tori varieties, is now a well established eld in algebrai geometry, whih
is haraterised by its strong links with ombinatorial and onvex geometry
(see the lassial survey paper [10℄ or more modern exposition [13℄). Sine
the appearane of Davis and Januszkiewiz's work [11℄, where the onept
of a (quasi)tori manifold was introdued as a topologial generalisation of
smooth ompat tori variety, there has grown an understanding that most
phenomena of smooth tori geometry may be modelled in the purely topo-
logial situation of smooth manifolds with a niely behaved torus ation.
One of the main results of [11℄ is that the equivariant ohomology of a tori
manifold an be identied with the fae ring of the quotient simple polytope,
or, for more general lasses of torus ations, with the fae ring of a ertain
simpliial omplex K. The ordinary ohomology of a quasitori manifold
an also be eetively identied as the quotient of the fae ring by a regular
sequene of degree-two elements, whih provides a generalisation to the well-
known DanilovJurkiewiz theorem of tori geometry. The notion of the
fae ring of a simpliial omplex sits in the heart of Stanley's `Combinatorial
ommutative algebra' [24℄, linking geometrial and ombinatorial problems
onerning simpliial omplexes with ommutative and homologial algebra.
Our onept of tori topology aims at extending these links and developing
new appliations by applying the full strength of the apparatus of equivariant
topology of torus ations.
The author was supported by an LMS grant for young Russian mathematiians at the
University of Manhester, and also by the Russian Foundation for Basi Researh, grant
no. 04-01-00702.
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The artile surveys ertain new developments of tori topology related to
the ohomology of fae rings. Introdutory remarks an be found at the
beginning of eah setion and most subsetions. A more detailed desription
of the history of the subjet, together with an extensive bibliography, an be
found in [8℄ and its extended Russian version [9℄.
The urrent artile represents the work of the algebrai topology and om-
binatoris group at the Department of Geometry and Topology, Mosow
State University, and the author thanks all its members for the ollabora-
tion and insight gained from numerous disussions, partiularly mentioning
Vitor Buhstaber, Ilia Baskakov, and Arseny Gadzhikurbanov. The author
is also grateful to Nigel Ray for several valuable omments and suggestions
that greatly improved this text and his hospitality during the visit to Manh-
ester sponsored by an LMS grant.
2. Simpliial omplexes and fae rings
The notion of the fae ring k[K] of a simpliial omplex K is entral to the
algebrai study of triangulations. In this setion we review its main proper-
ties, emphasising funtoriality with respet to simpliial maps. Then we in-
trodue the bigraded Tor-algebra Tork[v1,...,vm](k[K],k) through a nite free
resolution of k[K] as a module over the polynomial ring. The orresponding
bigraded Betti numbers are important ombinatorial invariants of K.
2.1. Denition and main properties. Let K = Kn−1 be an arbitrary
(n−1)-dimensional simpliial omplex on an m-element vertex set V , whih
we usually identify with the set of ordinals [m] = {1, . . . ,m}. Those subsets
σ ⊆ V belonging to K are referred to as simplies; we also use the notation
σ ∈ K. We ount the empty set ∅ as a simplex of K. When it is neessary
to distinguish between ombinatorial and geometrial objets, we denote by
|K| a geometrial realisation of K, whih is a triangulated topologial spae.
Choose a ground ommutative ring k with unit (we are mostly interested in
the ases k = Z,Q or nite eld). Let k[v1, . . . , vm] be the graded polynomial
algebra over k with deg vi = 2. For an arbitrary subset ω = {i1, . . . , ik} ⊆
[m], denote by vω the square-free monomial vi1 . . . vik .
The fae ring (or StanleyReisner algebra) of K is the quotient ring
k[K] = k[v1, . . . , vm]/IK ,
where IK is the homogeneous ideal generated by all monomials vσ suh that
σ is not a simplex of K. The ideal IK is alled the StanleyReisner ideal
of K.
Example 2.1. Let K be a 2-dimensional simpliial omplex shown on Fig-
ure 1. Then
k[K] = k[v1, . . . , v5]/(v1v5, v3v4, v1v2v3, v2v4v5).
Despite its simple onstrution, the fae ring appears to be a very pow-
erful tool allowing us to translate the ombinatorial properties of dierent
partiular lasses of simpliial omplexes into the language of ommutative
algebra. The resulting eld of `Combinatorial ommutative algebra', whose
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Figure 1.
foundations were laid by Stanley in his monograph [24℄, has attrated a lot
of interest from both ombinatorialists and ommutative algebraists.
Let K1 and K2 be two simpliial omplexes on the vertex sets [m1] and
[m2] respetively. A set map ϕ : [m1] → [m2] is alled a simpliial map
between K1 and K2 if ϕ(σ) ∈ K2 for any σ ∈ K1; we often identify suh ϕ
with its restrition to K1 (regarded as a olletion of subsets of [m1]), and
use the notation ϕ : K1 → K2.
Proposition 2.2. Let ϕ : K1 → K2 be a simpliial map. Dene a map
ϕ∗ : k[w1, . . . , wm2 ]→ k[v1, . . . , vm1 ] by
ϕ∗(wj) :=
∑
i∈ϕ−1(j)
vi.
Then ϕ∗ indues a homomorphism k[K2]→ k[K1], whih we will also denote
by ϕ∗.
Proof. We have to hek that ϕ∗(IK2) ⊆ IK1 . Suppose τ = {j1, . . . , js} ⊆
[m2] is not a simplex of K2. Then
(2.1) ϕ∗(wj1 · · ·wjs) =
∑
i1∈ϕ−1(j1),...,is∈ϕ−1(js)
vi1 · · · vis .
We laim that σ = {i1, . . . , is} is not a simplex of K1 for any monomial
vi1 · · · vis in the right hand side of the above identity. Indeed, if σ ∈ K1,
then ϕ(σ) = τ ∈ K2 by the denition of simpliial map, whih leads to a
ontradition. Hene, the right hand side of (2.1) is in IK1 . 
2.2. CohenMaaulay rings and omplexes. CohenMaaulay rings
and modules play an important role in homologial ommutative algebra
and algebrai geometry. A standard referene for the subjet is [6℄, where
the reader may nd proofs of the basi fats about CohenMaaulay rings
and regular sequenes mentioned in this subsetion. In the ase of simpliial
omplexes, the CohenMaaulay property of the orresponding fae rings
leads to important ombinatorial and topologial onsequenes.
Let A = ⊕i≥0A
i
be a nitely-generated ommutative graded algebra
over k. We assume that A is onneted (A0 = k) and has only even-degree
graded omponents, so that we do not need to distinguish between graded
and non-graded ommutativity. We denote by A+ the positive-degree part
of A and by H(A+) the set of homogeneous elements in A+.
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A sequene t1, . . . , tn of algebraially independent homogeneous elements
of A is alled an hsop (homogeneous system of parameters) if A is a nitely-
generated k[t1, . . . , tn]-module (equivalently, A/(t1, . . . , tn) has nite dimen-
sion as a k-vetor spae).
Lemma 2.3 (Nother normalisation lemma). Any nitely-generated graded
algebra A over a eld k admits an hsop. If k has harateristi zero and A
is generated by degree-two elements, then a degree-two hsop an be hosen.
A degree-two hsop is alled an lsop (linear system of parameters).
A sequene t = t1, . . . , tk of elements of H(A+) is alled a regular sequene
if ti+1 is not a zero divisor in A/(t1, . . . , ti) for 0 ≤ i < k. A regular sequene
onsists of algebraially independent elements, so it generates a polynomial
subring in A. It an be shown that t is a regular sequene if and only if A
is a free k[t1, . . . , tk]-module.
An algebra A is alled CohenMaaulay if it admits a regular hsop t . It
follows that A is CohenMaaulay if and only if it is a free and nitely gener-
ated module over its polynomial subring. If k is a eld of zero harateristi
and A is generated by degree-two elements, then one an hoose t to be an
lsop. A simpliial omplex K is alled CohenMaaulay (over k) if its fae
ring k[K] is CohenMaaulay.
Example 2.4. Let K = ∂∆2 be the boundary of a 2-simplex. Then
k[K] = k[v1, v2, v3]/(v1v2v3).
The elements v1, v2 ∈ k[K] are algebraially independent, but do not form an
hsop, sine k[K]/(v1, v2) ∼= k[v3] is not nite-dimensional as a k-spae. On
the other hand, the elements t1 = v1−v3, t2 = v2−v3 of k[K] form an hsop,
sine k[K]/(t1, t2) ∼= k[t]/t
3
. It is easy to see that k[K] is a free k[t1, t2]-
module with one 0-dimensional generator 1, one 1-dimensional generator v1,
and one 2-dimensional generator v21 . Thus, k[K] is CohenMaaulay and
(t1, t2) is a regular sequene.
For an arbitrary simplex σ ∈ K dene its link and star as the subom-
plexes
linkK σ = {τ ∈ K : σ ∪ τ ∈ K, σ ∩ τ = ∅};
starK σ = {τ ∈ K : σ ∪ τ ∈ K}.
If v ∈ K is a vertex, then starK v is the subomplex onsisting of all simplies
of K ontaining v, and all their subsimplies. Note also that starK v is the
one over linkK v.
The following fundamental theorem haraterises CohenMaaulay om-
plexes ombinatorially.
Theorem 2.5 (Reisner). A simpliial omplex K is CohenMaaulay over k
if and only if for any simplex σ ∈ K (inluding σ = ∅) and i < dim(linkK σ),
it holds that H˜i(linkK σ;k) = 0.
Using standard tehniques of PL topology the previous theorem may be
reformulated in purely topologial terms.
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Proposition 2.6 (Munkres). Kn−1 is CohenMaaulay over k if and only
if for an arbitrary point x ∈ |K|, it holds that
H˜i(|K|;k) = Hi(|K|, |K|\x;k) = 0 for i < n− 1.
Thus any triangulation of a sphere is a CohenMaaulay omplex.
2.3. Resolutions and Tor-algebras. LetM be a nitely-generated graded
k[v1, . . . , vm]-module. A free resolution of M is an exat sequene
(2.2) . . .
d
−−−−→ R−i
d
−−−−→ . . .
d
−−−−→ R−1
d
−−−−→ R0 −−−−→ M → 0,
where the R−i are nitely-generated graded free k[v1, . . . , vm]-modules and
the maps d are degree-preserving. By the Hilbert syzygy theorem, there is a
free resolution ofM with R−i = 0 for i > m. A resolution (2.2) determines a
bigraded dierential k-module [R, d], where R =
⊕
R−i,j , R−i,j := (R−i)j
and d : R−i,j → R−i+1,j . The bigraded ohomology module H[R, d] has
H−i,k[R, d] = 0 for i > 0 and H0,k[R, d] = Mk. Let [M, 0] be the bigraded
module with M−i,k = 0 for i > 0, M0,k = Mk, and zero dierential. Then
the resolution (2.2) determines a bigraded map [R, d] → [M, 0] induing an
isomorphism in ohomology.
Let N be another module; then applying the funtor ⊗k[v1,...,vm]N to a
resolution [R, d] we get a homomorphism of dierential modules
[R ⊗k[v1,...,vm] N, d]→ [M ⊗k[v1,...,vm] N, 0],
whih in general does not indue an isomorphism in ohomology. The (−i)th
ohomology module of the ohain omplex
. . . −−−−→ R−i ⊗k[v1,...,vm] N −−−−→ . . . −−−−→ R
0 ⊗k[v1,...,vm] N −−−−→ 0
is denoted by Tor−i
k[v1,...,vm]
(M,N). Thus,
Tor−i
k[v1,...,vm]
(M,N) :=
Ker
[
d : R−i ⊗k[v1,...,vm] N → R
−i+1 ⊗k[v1,...,vm] N
]
d(R−i−1 ⊗k[v1,...,vm] N)
.
Sine all the R−i and N are graded modules, we atually have a bigraded
k-module
Tork[v1,...,vm](M,N) =
⊕
i,j
Tor−i,j
k[v1,...,vm]
(M,N).
The following properties of Tor−i
k[v1,...,vm]
(M,N) are well known.
Proposition 2.7. (a) the module Tor−i
k[v1,...,vm]
(M,N) does not depend on a
hoie of resolution in (2.2);
(b) Tor−i
k[v1,...,vm]
( · , N) and Tor−i
k[v1,...,vm]
(M, · ) are ovariant funtors;
() Tor0
k[v1,...,vm]
(M,N) ∼= M ⊗k[v1,...,vm] N ;
(d) Tor−i
k[v1,...,vm]
(M,N) ∼= Tor−i
k[v1,...,vm]
(N,M).
Now put M = k[K] and N = k. Sine deg vi = 2, we have
Tork[v1,...,vm]
(
k[K],k
)
=
m⊕
i,j=0
Tor−i,2j
k[v1,...,vm]
(
k[K],k
)
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Dene the bigraded Betti numbers of k[K] by
(2.3) β−i,2j
(
k[K]
)
:= dimkTor
−i,2j
k[v1,...,vm]
(
k[K],k
)
, 0 ≤ i, j ≤ m.
We also set
β−i(k[K]) = dimkTor
−i
k[v1,...,vm]
(k[K],k) =
∑
j
β−i,2j(k[K]).
Example 2.8. Let K be the boundary of a square. Then
k[K] ∼= k[v1, . . . , v4]/(v1v3, v2v4).
Let us onstrut a resolution of k[K] and alulate the orresponding bi-
graded Betti numbers. The module R0 has one generator 1 (of degree 0),
and the map R0 → k[K] is the quotient projetion. Its kernel is the ideal IK ,
generated by two monomials v1v3 and v2v4. Take R
−1
to be a free module on
two 4-dimensional generators, denoted v13 and v24, and dene d : R
−1 → R0
by sending v13 to v1v3 and v24 to v2v4. Its kernel is generated by one element
v2v4v13 − v1v3v24. Hene, R
−2
has one generator of degree 8, say a, and the
map d : R−2 → R−1 is injetive and sends a to v2v4v13 − v1v3v24. Thus, we
have a resolution
0 −−−−→ R−2 −−−−→ R−1 −−−−→ R0 −−−−→ M −−−−→ 0
where rankR0 = β0,0(k[K]) = 1, rankR−1 = β−1,4 = 2 and rankR−2 =
β−2,8 = 1.
The Betti numbers β−i,2j(k[K]) are important ombinatorial invariants of
the simpliial omplex K. The following result expresses them in terms of
homology groups of subomplexes of K.
Given a subset ω ⊆ [m], we may restrit K to ω and onsider the full
subomplex Kω = {σ ∈ K : σ ⊆ ω}.
Theorem 2.9 (Hohster). We have
β−i,2j
(
k[K]
)
=
∑
ω⊆[m] : |ω|=j
dimk H˜
j−i−1(Kω;k),
where H˜∗(·) denotes the redued ohomology groups and we assume that
H˜−1(∅) = k.
Hohster's original proof of this theorem uses rather ompliated om-
binatorial and ommutative algebra tehniques. Later in subsetion 5.1 we
give a topologial interpretation of the numbers β−i,2j(k[K]) as the bigraded
Betti numbers of a topologial spae, and prove a generalisation of Hohster's
theorem.
Example 2.10 (Koszul resolution). Let M = k with the k[v1, . . . , vm]-
module struture dened via the map k[v1, . . . , vm] → k sending eah vi
to 0. Let Λ[u1, . . . , um] denote the exterior k-algebra on m generators. The
tensor produt R = Λ[u1, . . . , um]⊗ k[v1, . . . , vm] (here and below we use ⊗
for ⊗k) may be turned to a dierential bigraded algebra by setting
bidegui = (−1, 2), bideg vi = (0, 2),
dui = vi, dvi = 0,(2.4)
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and requiring d to be a derivation of algebras. An expliit onstrution of
a ohain homotopy shows that H−i[R, d] = 0 for i > 0 and H0[R, d] = k.
Sine Λ[u1, . . . , um] ⊗ k[v1, . . . , vm] is a free k[v1, . . . , vm]-module, it deter-
mines a free resolution of k. It is known as the Koszul resolution and its
expanded form (2.2) is as follows:
0→ Λm[u1, . . . , um]⊗ k[v1, . . . , vm] −→ · · ·
−→ Λ1[u1, . . . , um]⊗ k[v1, . . . , vm] −→ k[v1, . . . , vm] −→ k→ 0
where Λi[u1, . . . , um] is the subspae of Λ[u1, . . . , um] spanned by monomials
of length i.
Now let us onsider the dierential bigraded algebra [Λ[u1, . . . , um] ⊗
k[K], d] with d dened as in (2.4).
Lemma 2.11. There is an isomorphism of bigraded modules:
Tork[v1,...,vm](k[K],k)
∼= H
[
Λ[u1, . . . , um]⊗ k[K], d
]
whih endows Tork[v1,...,vm](k[K],k) with a bigraded algebra struture in a
anonial way.
Proof. Using the Koszul resolution in the denition of Tor, we alulate
Tork[v1,...,vm](k[K],k)
∼= Tork[v1,...,vm](k,k[K])
= H
[
Λ[u1, . . . , um]⊗ k[v1, . . . , vm]⊗k[v1,...,vm] k[K]
]
∼= H
[
Λ[u1, . . . , um]⊗ k[K]
]
.
The ohomology in the right hand side is a bigraded algebra, providing an
algebra struture for Tork[v1,...,vm](k[K],k). 
The bigraded algebra Tork[v1,...,vm](k[K],k) is alled the Tor-algebra of
the simpliial omplex K.
Lemma 2.12. A simpliial map ϕ : K1 → K2 between two simpliial om-
plexes on the vertex sets [m1] and [m2] respetively indues a homomorphism
(2.5) ϕ∗t : Tork[w1,...,wm2 ](k[K2],k)→ Tork[v1,...,vm1 ](k[K1],k)
of the orresponding Tor-algebras.
Proof. This follows diretly from Propositions 2.2 and 2.7 (b). 
3. Tori spaes
Moment-angle omplexes provide a funtor K 7→ ZK from the ategory of
simpliial omplexes and simpliial maps to the ategory of spaes with torus
ation and equivariant maps. This funtor allows us to use the tehniques of
equivariant topology in the study of ombinatoris of simpliial omplexes
and ommutative algebra of their fae rings; in a way, it breathes a geometri-
al life into Stanley's `ombinatorial ommutative algebra'. In partiular, the
alulation of the ohomology of ZK opens a way to a topologial treatment
of homologial invariants of fae rings.
The spae ZK was introdued for arbitrary nite simpliial omplex K by
Davis and Januszkiewiz [11℄ as a tehnial tool in their study of (quasi)tori
manifolds, a topologial generalisation of smooth algebrai tori varieties.
8 TARAS PANOV
Later this spae turned out to be of great independent interest. For the
subsequent study of ZK , its plae within `tori topology', and onnetions
with ombinatorial problems we refer to [8℄ and its extended Russian ver-
sion [9℄. Here we review the most important aspets of this study related to
the ohomology of fae rings.
3.1. Moment-angle omplexes. The m-torus Tm is a produt of m ir-
les; we usually regard it as embedded in Cm in the standard way:
Tm =
{
(z1, . . . , zm) ∈ C
m : |zi| = 1, i = 1, . . . ,m
}
.
It is ontained in the unit polydisk
(D2)m = {(z1, . . . , zm) ∈ C
m : |zi| ≤ 1, i = 1, . . . ,m}.
For an arbitrary subset ω ⊆ V , dene
Bω := {(z1, . . . , zm) ∈ (D
2)m : |zi| = 1 for i /∈ ω}.
The subspae Bω is homeomorphi to (D
2)|ω| × Tm−|ω|.
Given a simpliial omplex K on [m] = {1, . . . ,m}, we dene the moment-
angle omplex ZK by
(3.1) ZK :=
⋃
σ∈K
Bσ ⊆ (D
2)m.
The torus Tm ats on (D2)m oordinatewise and eah subspae Bω is
invariant under this ation. Therefore, the spae ZK inherits a torus ation.
The quotient (D2)m/Tm an be identied with the unit m-ube:
Im :=
{
(y1, . . . , ym) ∈ R
m : 0 ≤ yi ≤ 1, i = 1, . . . ,m
}
.
The quotient Bω/T
m
is then the following |ω|-dimensional fae of Im:
Cω :=
{
(y1, . . . , ym) ∈ I
m : yi = 1 if i /∈ ω
}
.
Thus the whole quotient ZK/T
m
is identied with a ertain ubial subom-
plex in Im, whih we denote by cc(K).
Lemma 3.1. The ubial omplex cc(K) is PL-homeomorphi to coneK.
Proof. Let K ′ denote the baryentri subdivision of K (the verties of K ′
orrespond to non-empty simplies σ of K). We dene a PL embedding
ic : coneK
′ →֒ Im by mapping eah vertex σ to the vertex (ε1, . . . , εm) ∈ I
m
where εi = 0 if i ∈ σ and εi = 1 otherwise, the one vertex to (1, . . . , 1) ∈ I
m
,
and then extending linearly on the simplies of coneK ′. The baryentri
subdivision of a fae σ ∈ K is a subomplex in K ′, whih we denote K ′|σ .
Under the map ic the subomplex coneK
′|σ maps onto the fae Cσ ⊂ I
m
.
Thus the whole omplex coneK ′ maps homeomorphially onto cc(K), whih
onludes the proof. 
It follows that the moment-angle omplex ZK an be dened by the pull-
bak diagram
ZK −−−−→ (D
2)my yρ
coneK ′
ic−−−−→ Im
where ρ is the projetion onto the orbit spae.
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Figure 2. Embedding ic : coneK
′ →֒ Im.
Example 3.2. The embedding ic for two simple ases when K is a three
point omplex and the boundary of a triangle is shown on Figure 2. If
K = ∆m−1 is the whole simplex on m verties, then cc(K) is the whole ube
Im, and the above onstruted PL-homeomorphism between cone(∆m−1)′
and Im denes the standard triangulation of Im.
The next lemma shows that the spae ZK is partiularly nie for ertain
geometrially important lasses of triangulations.
Lemma 3.3. Suppose that K is a triangulation of an (n − 1)-dimensional
sphere. Then ZK is a losed (m+ n)-dimensional manifold.
In general, if K is a triangulated manifold then ZK \ ρ
−1(1, . . . , 1) is
a nonompat manifold, where (1, . . . , 1) ∈ Im is the one vertex and
ρ−1(1, . . . , 1) ∼= Tm.
Proof. We only prove the rst statement here; the proof of the seond is
similar and an be found in [9℄. Eah vertex vi of K orresponds to a
vertex of the baryentri subdivision K ′, whih we ontinue to denote vi.
Let starK ′ vi be the star of vi in K
′
, that is, the subomplex onsisting of all
simplies of K ′ ontaining vi, and all their subsimplies. The spae coneK
′
has a anonial fae struture whose faets (odimension-one faes) are
(3.2) Fi := starK ′ vi, i = 1, . . . ,m,
and whose i-faes are non-empty intersetions of i-tuples of faets. In par-
tiular, the verties (0-faes) in this fae struture are the baryentres of
(n− 1)-dimensional simplies of K.
For every suh baryentre b we denote by Ub the subset of coneK
′
obtained
by removing all faes not ontaining b. Sine K is a triangulation of a
sphere, coneK ′ is an n-ball, hene eah Ub is homeomorphi to an open
subset in In via a homeomorphism preserving the dimension of faes. Sine
eah point of coneK ′ is ontained in some Ub, this displays coneK
′
as a
manifold with orners. Having identied coneK ′ with cc(K) and further
cc(K) with ZK/T
m
, we see that every point in ZK lies in a neighbourhood
homeomorphi to an open subset in (D2)n × Tm−n and thus in Rm+n. 
A partiularly important lass of examples of sphere triangulations arise
from boundary triangulations of onvex polytopes. Suppose P is a simple
n-dimensional onvex polytope, i.e. one where every vertex is ontained
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in exatly n faets. Then the dual (or polar) polytope is simpliial, and we
denote its boundary omplex byKP . KP is then a triangulation of an (n−1)-
sphere. The faes of coneK ′P introdued in the previous proof oinide with
those of P .
Example 3.4. Let K = ∂∆m−1. Then ZK = ∂((D
2)m) ∼= S2m−1. In
partiular, for m = 2 from (3.1) we get the familiar deomposition
S3 = D2 × S1 ∪ S1 ×D2 ⊂ D2 ×D2
of a 3-sphere into a union of two solid tori.
Using faes (3.2) we an identify the isotropy subgroups of the Tm-ation
on ZK . Namely, the isotropy subgroup of a point x in the orbit spae coneK
′
is the oordinate subtorus
T (x) = {(z1, . . . , zm) ∈ T
m : zi = 1 if x /∈ Fi}.
In partiular, the ation is free over the interior (that is, near the one point)
of coneK ′.
It follows that the moment-angle omplex an be identied with the quo-
tient
ZK =
(
Tm × | coneK ′|
)
/∼,
where (t1, x) ∼ (t2, y) if and only if x = y and t1t
−1
2 ∈ T (x). In the ase
when K is the dual triangulation of a simple polytope Pn we may write
(Tm × Pn)/∼ instead. The latter Tm-manifold is the one introdued by
Davis and Januszkiewiz [11℄, whih thereby oinides with our moment-
angle omplex.
3.2. Homotopy bre onstrution. The lassifying spae for the irle S1
an be identied with the innite-dimensional projetive spae CP∞. The
lassifying spae BTm of the m-torus is a produt of m opies of CP∞. The
ohomology of BTm is the polynomial ring Z[v1, . . . , vm], deg vi = 2 (the
ohomology is taken with integer oeients, unless another oeient ring
is expliitly speied). The total spae ETm of the universal prinipal Tm-
bundle over BTm an be identied with the produt ofm innite-dimensional
spheres.
In [11℄ Davis and Januszkiewiz onsidered the homotopy quotient of ZK
by the Tm-ation (also known as the Borel onstrution). We refer to it as
the DavisJanuszkiewiz spae:
DJ (K) := ETm ×Tm ZK = ET
m ×ZK/∼,
where (e, z) ∼ (et−1, tz). There is a a bration p : DJ (K) → BTm with
bre ZK . The ohomology of the Borel onstrution of a T
m
-spae X is
alled the equivariant ohomology and denoted by H∗Tm(X).
A theorem of [11℄ states that the ohomology ring of DJ (K) (or the equi-
variant ohomology of ZK) is isomorphi to Z[K]. This result an be laried
by an alternative onstrution of DJ (K) [8℄, whih we review below.
The spae BTm has the anonial ell deomposition in whih eah fator
CP∞ has one ell in every even dimension. Given a subset ω ⊆ [m], dene
the subprodut
BTω := {(x1, . . . , xm) ∈ BT
m : xi = ∗ if i /∈ ω}
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where ∗ is the basepoint (zero-ell) of CP∞. Now for a simpliial omplex
K on [m] dene the following ellular subomplex:
(3.3) BTK :=
⋃
σ∈K
BT σ ⊆ BTm.
Proposition 3.5. The ohomology of BTK is isomorphi to the Stanley
Reisner ring Z[K]. Moreover, the inlusion of ellular omplexes i : BTK →֒
BTm indues the quotient epimorphism
i∗ : Z[v1, . . . , vm]→ Z[K] = Z[v1, . . . , vm]/IK
in the ohomology.
Proof. Let B2ki denote the 2k-dimensional ell in the ith fator of BT
m
, and
C∗(BTm) the ellular ohain module. A monomial vk1i1 . . . v
kp
ip
represents the
ellular ohain (B2k1i1 . . . B
2kp
ip
)∗ in C∗(BTm). Under the ohain homomor-
phism indued by the inlusion BTK ⊂ BTm the ohain (B2k1i1 . . . B
2kp
ip
)∗
maps identially if {i1, . . . , ip} ∈ K and to zero otherwise, whene the state-
ment follows. 
Theorem 3.6. There is a deformation retration DJ (K)→ BTK suh that
the diagram
DJ (K)
p
−−−−→ BTmy ∥∥∥
BTK
i
−−−−→ BTm
is ommutative.
Proof. We have ZK =
⋃
σ∈K Bσ, and eah Bσ is T
m
-invariant. Hene, there
is the orresponding deomposition of the Borel onstrution:
DJ (K) = ETm ×Tm ZK =
⋃
σ∈K
ETm ×Tm Bσ.
Suppose |σ| = s. Then Bσ ∼= (D
2)s × Tm−s, so we have
ETm ×Tm Bσ ∼= (ET
s ×T s (D
2)s)× ETm−s.
The spae ET s ×T s (D
2)s is the total spae of a (D2)s-bundle over BT s,
and ETm−s is ontratible. It follows that there is a deformation retra-
tion ETm ×Tm Bσ → BT
σ
. These homotopy equivalenes orresponding to
dierent simplies t together to yield the required homotopy equivalene
between p : DJ (K)→ BTm and i : BTK →֒ BTm. 
Corollary 3.7. The spae ZK is the homotopy bre of the ellular inlusion
i : BTK →֒ BTm. Hene [11℄ there are ring isomorphisms
H∗(DJ (K)) = H∗Tm(ZK)
∼= Z[K].
In view of the last two statements we shall also use the notation DJ (K) for
BTK , and refer to the whole lass of spaes homotopy equivalent to DJ (K)
as the DavisJanuszkiewiz homotopy type.
An important question arises: to what extent does the isomorphism of
the ohomology ring of a spae X with the fae ring Z[K] determine the
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homotopy type of X? In other words, for given K, does there exist a `fake'
DavisJanuszkiewiz spae, whose ohomology is isomorphi to Z[K], but
whih is not homotopy equivalent to DJ (K)? This question is addressed
in [21℄. It is shown there [21, Prop. 5.11℄ that if Q[K] is a omplete inter-
setion ring and X is a nilpotent ell omplex of nite type whose rational
ohomology is isomorphi to Q[K], then X is rationally homotopy equivalent
to DJ (K). Using the formality of DJ (K), this an be rephrased by saying
that the omplete intersetion fae rings are intrinsially formal in the sense
of Sullivan.
Note that the lass of simpliial omplexes K for whih the fae ring Q[K]
is a omplete intersetion has a transparent geometrial interpretation: suh
K is a join of simplies and boundaries of simplies.
3.3. Coordinate subspae arrangements. Yet another interpretation of
the moment-angle omplex ZK omes from its identiation up to homo-
topy with the omplement of the omplex oordinate subspae arrangement
orresponding to K. This leads to an appliation of tori topology in the
theory of arrangements, and allows us to desribe and eetively alulate
the ohomology rings of oordinate subspae arrangement omplements and
in ertain ases identify their homotopy types.
A oordinate subspae in Cm an be written as
(3.4) Lω = {(z1, . . . , zm) ∈ C
m : zi1 = · · · = zik = 0}
for some subset ω = {i1, . . . , ik} ⊆ [m]. Given a simpliial omplex K, we
may dene the orresponding oordinate subspae arrangement {Lω : ω /∈ K}
and its omplement
U(K) = Cm \
⋃
ω/∈K
Lω.
Note that if K ′ ⊂ K is a subomplex, then U(K ′) ⊂ U(K). It is easy to
see [8, Prop. 8.6℄ that the assignment K 7→ U(K) denes a one-to-one order
preserving orrespondene between the set of simpliial omplexes on [m]
and the set of oordinate subspae arrangement omplements in Cm.
The subset U(K) ⊂ Cm is invariant with respet to the oordinatewise
Tm-ation. It follows from (3.1) that ZK ⊂ U(K).
Proposition 3.8. There is a Tm-equivariant deformation retration
U(K)
≃
−→ ZK .
Proof. In analogy with (3.3), we may write
(3.5) U(K) =
⋃
σ∈K
Uσ,
where
Uσ := {(z1, . . . , zm) ∈ C
m : zi 6= 0 for i /∈ σ}.
Then there are obvious homotopy equivalenes (deformation retrations)
Cσ × (C \ 0)[m]\σ ∼= Uσ
≃
−→ Bσ ∼= (D
2)σ × (S1)[m]\σ.
These path together to get the required map U(K)→ ZK . 
Example 3.9. 1. Let K = ∂∆m−1. Then U(K) = Cm \ 0 (reall that
ZK ∼= S
2m−1
in this ase).
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2. Let K = {v1, . . . , vm} (m points). Then
U(K) = Cm \
⋃
1≤i<j≤m
{zi = zj = 0},
the omplement to the set of all odimension 2 oordinate planes.
3. More generally, if K is the i-skeleton of ∆m−1, then U(K) is the
omplement to the set of all oordinate planes of odimension (i+2).
The reader may have notied a similar pattern in several onstrutions of
tori spaes appeared above; ompare (3.1), (3.3) and (3.5). The following
general framework was suggested to the author by Neil Strikland in a private
ommuniation.
Constrution 3.10 (K-power). Let X be a spae and W ⊂ X a subspae.
For a simpliial omplex K on [m] and σ ∈ K, we set
(X,W )σ :=
{
(x1, . . . , xm) ∈ X
m : xj ∈W for j /∈ σ
}
and
(X,W )K :=
⋃
σ∈K
(X,W )σ =
⋃
σ∈K
(∏
i∈σ
X ×
∏
i/∈σ
W
)
.
We refer to the spae (X,W )K ⊆ Xm as the K-power of (X,W ). If X
is a pointed spae and W = pt is the basepoint, then we shall use the
abbreviated notation XK := (X, pt)K . Examples onsidered above inlude
ZK = (D
2, S1)K , cc(K) = (I1, S0)K , DJ (K) = (CP∞)K and U(K) =
(C,C∗)K .
Homotopy theorists would reognise the K-power as an example of the
olimit of a diagram of topologial spaes over the fae ategory ofK (objets
are simplies and morphisms are inlusions). The diagram assigns the spae
(X,W )σ to a simplex σ; its olimit is (X,W )K . These observations are
further developed and used to onstrut models of loop spaes of tori spaes
as well as for homotopy and homology alulations in [23℄ and [22℄.
3.4. Tori varieties, quasitori manifolds, and torus manifolds. Sev-
eral important lasses of manifolds with torus ation emerge as the quotients
of moment-angle omplexes by appropriate freely ating subtori.
First we give the following haraterisation of lsops in the fae ring. Let
Kn−1 be a simpliial omplex and t1, . . . , tn a sequene of degree-two ele-
ments in k[K]. We may write
(3.6) ti = λi1v1 + · · ·+ λimvm, i = 1, . . . , n.
For an arbitrary simplex σ ∈ K, we have Kσ = ∆
|σ|−1
and k[Kσ ] is the
polynomial ring k[vi : i ∈ σ] on |σ| generators. The inlusion Kσ ⊂ K
indues the restrition homomorphism rσ from k[K] to the polynomial ring,
mapping vi identially if i ∈ σ and to zero otherwise.
Lemma 3.11. A degree-two sequene t1, . . . , tn is an lsop in k[K
n−1] if and
only if for every σ ∈ K the elements rσ(t1), . . . , rσ(tn) generate the positive
ideal k[vi : i ∈ σ]+.
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Proof. Suppose (3.6) is an lsop. For simpliity we denote its image under any
restrition homomorphism by the same letters. Then the restrition indues
an epimorphism of the quotient rings:
k[K]/(t1, . . . , tn)→ k[vi : i ∈ σ]/(t1, . . . , tn).
Sine (3.6) is an lsop, k[K]/(t1, . . . , tn) is a nitely generated k-module.
Hene, so is k[vi : i ∈ σ]/(t1, . . . , tn). But the latter an be nitely generated
only if t1, . . . , tn generates k[vi : i ∈ σ]+.
The if part may be proved by onsidering the sum of restritions:
k[K]→
⊕
σ∈K
k[vi : i ∈ σ],
whih turns out to be a monomorphism. See [6, Th. 5.1.16℄ for details. 
Obviously, it is enough to onsider only restritions to the maximal sim-
plies in the previous lemma.
Suppose now that K is CohenMaaulay (e.g. K is a sphere triangula-
tion). Then every lsop is a regular sequene (however, for k = Z or a eld
of nite harateristi an lsop may fail to exist).
Now we restrit to the ase k = Z and organise the oeients in (3.6) into
an n×m-matrix Λ = (λij). For an arbitrary maximal simplex σ ∈ K denote
by Λσ the square submatrix formed by the elements λij with j ∈ σ. The
matrix Λ denes a linear map Zm → Zn and a homomorphism Tm → T n.
We denote both by λ and denote the kernel of the latter map by TΛ.
Theorem 3.12. The following onditions are equivalent:
(a) the sequene (3.6) is an lsop in Z[Kn−1];
(b) detΛσ = ±1 for every maximal simplex σ ∈ K;
() TΛ ∼= T
m−n
and TΛ ats freely on ZK .
Proof. The equivalene of (a) and (b) is a reformulation of Lemma 3.11. Let
us prove the equivalene of (b) and (). Every isotropy subgroup of the
Tm-ation on ZK has the form
T σ =
{
(z1, . . . , zm) ∈ T
m : zi = 1 if i /∈ σ
}
for some simplex σ ∈ K. Now, (b) is equivalent to the ondition TΛ ∩ T
σ =
{e} for arbitrary maximal σ, whene the statement follows. 
We denote the quotient ZK/TΛ by M
2n
K (Λ), and abbreviate it to M
2n
K or
to M2n when the ontext allows. If K is a triangulated sphere, then ZK is
a manifold, hene, so is M2nK . The n-torus T
n = Tm/TΛ ats on M
2n
K . This
onstrution produes two important lasses of T n-manifolds as partiular
examples.
Let K = KP be a polytopal triangulation, dual to the boundary omplex
of a simple polytope P . Then the map λ determined by the matrix Λ may
be regarded as an assignment of an integer vetor to every faet of P . The
map λ oming from a matrix satisfying the ondition of Theorem 3.12(b)
was alled a harateristi map by Davis and Januszkiewiz [11℄. We refer
to the orresponding quotient M2nP (Λ) = ZKP /TΛ as a quasitori manifold
(a tori manifold in the terminology of DavisJanuszkiewiz).
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Let us assume further that P is realised in Rn with integer oordinates of
verties, so we an write
(3.7) Pn =
{
x ∈ Rn : 〈l i,x 〉 ≥ −ai, i = 1, . . . ,m
}
,
where l i are inward pointing normals to the faets of P
n
(we may further
assume these vetors to be primitive), and ai ∈ Q. Let Λ be the matrix
formed by the olumn vetors l i, i = 1, . . . ,m. Then ZKP /TΛ an be identi-
ed with the projetive tori variety [10, 13℄ determined by the polytope P .
The ondition of Theorem 3.12(b) is equivalent to the requirement that the
tori variety is non-singular. Thereby a non-singular projetive tori variety
is a quasitori manifold (but there are many quasitori manifolds whih are
not tori varieties).
We also note that smooth projetive tori varieties provide examples of
sympleti 2n-dimensional manifolds with Hamiltonian T n-ation. These
sympleti manifolds an be obtained via the proess of sympleti redution
from the standard Hamiltonian Tm-ation on Cm. A hoie of an (m − n)-
dimensional tori subgroup provides a moment map µ : Cm → Rm−n, and
the orresponding moment-angle omplex ZKP an be identied with the
level surfae µ−1(a) of the moment map for any of its regular values a. The
details of this onstrution an be found in [8, p. 130℄.
Finally, we mention that if K is an arbitrary (not neessarily polytopal)
triangulation of sphere, then the manifold M2nK (Λ) is a torus manifold in the
sense of HattoriMasuda [19℄. The orresponding multi-fan has K as the
underlying simpliial omplex. This partiular lass of torus manifolds has
many interesting properties.
4. Cohomology of moment-angle omplexes
The main result of this setion (Theorem 4.7) identies the integral o-
homology algebra of the moment-angle omplex ZK with the Tor-algebra
of the fae ring of the simpliial omplex K. Over the rationals this result
was proved in [7℄ by studying the EilenbergMoore spetral sequene of the
bration ZK → DJ (K)→ BT
m
; a more detailed aount of appliations of
the EilenbergMoore spetral sequene to tori topology an be found in [8℄.
The new proof, whih works with integer oeients as well, relies upon a
onstrution of a speial ellular deomposition of ZK and subsequent anal-
ysis of the orresponding ellular ohains.
One of the key ingredients here is a spei ellular approximation of
the diagonal map ∆: ZK → ZK × ZK . Cellular ohains do not admit a
funtorial assoiative multipliation beause a proper ellular diagonal ap-
proximation does not exist in general. The onstrution of moment-angle
omplexes is given by a funtor from the ategory of simpliial omplexes
to the ategory of spaes with a torus ation. We show that in this speial
ase the ellular approximation of the diagonal is funtorial with respet
to those maps of moment-angle omplexes whih are indued by simpliial
maps. The orresponding ellular ohain algebra is isomorphi to a quotient
of the Koszul omplex for k[K] by an ayli ideal, and its ohomology is
isomorphi to the Tor-algebra. The proofs have been skethed in [5℄; here
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we follow the more detailed exposition of [9℄. Another proof of Theorem 4.7
follows from a reent independent work of M. Franz [12, Th. 1.2℄.
4.1. Cell deomposition. The polydis (D2)m has a ell deomposition in
whih eah D2 is subdivided into ells 1, T and D of dimensions 0, 1 and 2
respetively, see Figure 3. Eah ell of this omplex is a produt of ells of 3✬
✫
✩
✪
s1T D
Figure 3.
dierent types and we enode it by a word T ∈ {D,T, 1}m in a three-letter
alphabet. Assign to eah pair of subsets σ, ω ⊆ [m], σ ∩ ω = ∅, the word
T (σ, ω) whih has the letter D on the positions indexed by σ and letter T
on the positions with indies from ω.
Lemma 4.1. ZK is a ellular subomplex of (D
2)m. A ell T (σ, ω) ⊂ (D2)m
belongs to ZK if and only if σ ∈ K.
Proof. We have ZK = ∪σ∈KBσ and eah Bσ is the losure of the ell
T (σ, [m] \ σ). 
Therefore, we an onsider the ellular ohain omplex C∗(ZK), whih
has an additive basis onsisting of the ohains T (σ, ω)∗. It has a natural
bigrading dened by
bideg T (σ, ω)∗ = (−|ω|, 2|σ| + 2|ω|),
so bidegD = (0, 2), bidegT = (−1, 2) and bideg 1 = (0, 0). Moreover, sine
the ellular dierential does not hange the seond grading, C∗(ZK) splits
into the sum of its omponents having xed seond degree:
C∗(ZK) =
m⊕
j=1
C∗,2j(ZK).
The ohomology of ZK thereby aquires an additional grading, and we may
dene the bigraded Betti numbers b−i,2j(ZK) by
b−i,2j(ZK) := rankH
−i,2j(ZK), i, j = 1, . . . ,m.
For the ordinary Betti numbers we have bk(ZK) =
∑
2j−i=k b
−i,2j(ZK).
Lemma 4.2. Let ϕ : K1 → K2 be a simpliial map between simpliial om-
plexes on the sets [m1] and [m2] respetively. Then there is an equivariant el-
lular map ϕZ : ZK1 → ZK2 overing the indued map | coneK
′
1| → | coneK
′
2|.
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Proof. Dene a map of polydisks
ϕD : (D
2)m1 → (D2)m2 , (z1, . . . , zm1) 7→ (w1, . . . , wm2),
where
wj :=
∏
i∈ϕ−1(j)
zi, j = 1, . . . ,m2
(we set wj = 1 if ϕ
−1(j) = ∅). Assume τ ∈ K1. In the notation of (3.1),
we have ϕD(Bτ ) ⊆ Bϕ(τ). Sine ϕ is a simpliial map, ϕ(τ) ∈ K2 and
Bϕ(τ) ⊂ ZK2 , so the restrition of ϕD to ZK1 is the required map. 
Corollary 4.3. The orrespondene K 7→ ZK gives rise to a funtor from
the ategory of simpliial omplexes and simpliial maps to the ategory of
spaes with torus ations and equivariant maps. It indues a natural transfor-
mation between the simpliial ohain funtor of K and the ellular ohain
funtor of ZK .
We also note that the maps respet the bigrading, so the bigraded Betti
numbers are also funtorial.
4.2. Koszul algebras. Our algebrai model for the ellular ohains of ZK
is obtained by taking the quotient of the Koszul algebra [Λ[u1, . . . , um] ⊗
k[K], d] from Lemma 2.11 by a ertain ayli ideal. Namely, we introdue
a fator algebra
R∗(K) := Λ[u1, . . . , um]⊗ Z[K]
/
(v2i = uivi = 0, i = 1, . . . ,m),
where the dierential and bigrading are as in (2.4). Let
̺ : Λ[u1, . . . , um]⊗ Z[K]→ R
∗(K)
be the quotient projetion. The algebra R∗(K) has a nite additive basis
onsisting of the monomials of the form uωvσ where ω ⊆ [m], σ ∈ K and
ω∩σ = ∅ (remember that we are using the notation uω = ui1 . . . uik for ω =
{i1, . . . , ik}). Therefore, we have an additive inlusion (a monomorphism of
bigraded dierential modules)
ι : R∗(K)→ Λ[u1, . . . , um]⊗ Z[K]
whih satises ̺ · ι = id.
The following statement shows that the nite-dimensional quotient R∗(K)
has the same ohomology as the Koszul algebra.
Lemma 4.4. The quotient map ̺ : Λ[u1, . . . , um]⊗ Z[K] → R
∗(K) indues
an isomorphism in ohomology.
Proof. The argument is similar to that used in the proof of the ayliity of
the Koszul resolution. We onstrut a ohain homotopy between the maps
id and ι · ̺ from Λ[u1, . . . , um]⊗ Z[K] to itself, that is, a map s satisfying
(4.1) ds+ sd = id− ι · ̺.
First assume that K = ∆m−1. We denote the orresponding bigraded
algebra Λ[u1, . . . , um]⊗ Z[K] by
(4.2) E = Em := Λ[u1, . . . , um]⊗ Z[v1, . . . , vm],
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while R∗(K) is isomorphi to
(4.3)
(
Λ[u]⊗ Z[v]
/
(v2 = uv = 0)
)⊗m
= R∗(∆0)⊗m.
For m = 1, the map s1 : E
0,∗ = k[v]→ E−1,∗ given by
s1(a0 + a1v + . . . + ajv
j) = (a2v + a3v
2 + . . .+ ajv
j−1)u
is a ohain homotopy. Indeed, we an write an element of E as either x
or xu with x = a0 + a1v + . . . + ajv
j ∈ E0,2j . In the former ase, ds1x =
x− a0 − a1v = x− ι̺x and s1dx = 0. In the latter ase, xu ∈ E
−1,2j
, then
ds1(xu) = 0 and s1d(xu) = xu − a0u = xu − ι̺(xu). In both ases (4.1)
holds. Now we may assume by indution that for m = k − 1 there is a
ohain homotopy operator sk−1 : Ek−1 → Ek−1. Sine Ek = Ek−1 ⊗ E1,
̺k = ̺k−1 ⊗ ̺1 and ιk = ιk−1 ⊗ ι1, a diret hek shows that the map
sk = sk−1 ⊗ id + ιk−1̺k−1 ⊗ s1
is a ohain homotopy between id and ιk̺k, whih nishes the proof for
K = ∆m−1.
In the ase of arbitrary K the algebras Λ[u1, . . . , um] ⊗ Z[K] are R
∗(K)
are obtained from (4.2) and (4.3) respetively by fatoring out the Stanley
Reisner ideal IK . This fatorisation does not aet the properties of the
onstruted map s, whih nishes the proof. 
Now omparing the additive struture of R∗(K) with that of the ellular
ohains C∗(K), we see that the two oinide:
Lemma 4.5. The map
g : R∗(K)→ C∗(ZK),
uωvσ 7→ T (σ, ω)
∗
is an isomorphism of bigraded dierential modules. In partiular, we have
an additive isomorphism
H[R∗(K)] ∼= H∗(ZK).
Having identied the algebra R∗ with the ellular ohains of ZK , we an
also interpret the ohomology isomorphism from Lemma 4.4 topologially.
To do this we shall identify the Koszul algebra Λ[u1, . . . , um] ⊗ Z[K] with
the ellular ohains of a spae homotopy equivalent to ZK .
Let S∞ be an innite-dimensional sphere obtained as a diret limit (union)
of standardly embedded odd-dimensional spheres. The spae S∞ is on-
tratible and has a ell deomposition with one ell in every dimension. The
boundary of an even-dimensional ell is the losure of the appropriate odd-
dimensional ell, while the boundary of an odd ell is zero. The 2-skeleton of
this ell deomposition is a 2-dis deomposed as shown on Figure 3, while
the 1-skeleton is the irle S1 ⊂ S∞. The ellular ohain omplex of S∞
an be identied with the algebra
Λ[u]⊗ Z[v], deg u = 1,deg v = 2, du = v, dv = 0.
From the obvious funtorial properties of Constrution 3.10 we obtain a
deformation retration
ZK = (D
2, S1)K →֒ (S∞, S1)K −→ (D2, S1)K
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onto a ellular subomplex.
The ellular ohains of the K-power (S∞, S1)K an be identied with the
Koszul algebra Λ[u1, . . . , um]⊗Z[K]. Sine ZK ⊂ (S
∞, S1)K is a deformation
retrat, the ellular ohain map
Λ[u1, . . . , um]⊗ Z[K] = C
∗
(
(S∞, S1)K
)
→ C∗(ZK) = R
∗(K),
indues an isomorphism in ohomology. In fat, the algebrai homotopy map
s onstruted in the proof of Lemma 4.4 is the map indued on the ohains
by the topologial homotopy.
4.3. Cellular ohain algebras. Here we introdue a multipliation for
ellular ohains of ZK and establish a ring isomorphism in Lemma 4.5.
This task runs into a ompliation beause ellular ohains in general do
not arry a funtorial assoiative multipliation; the lassial denition of
the ohomology multipliation involves a diagonal map, whih is not ellu-
lar. However, in our ase there is a way to onstrut a anonial ellular
approximation of the diagonal map ∆: ZK → ZK ×ZK in suh a way that
the resulting multipliation in ellular ohains oinides with that in R∗(K).
The standard denition of the multipliation in ohomology of a ell om-
plex X via ellular ohains is as follows. Consider a omposite map of
ellular ohain omplexes:
(4.4) C∗(X)⊗ C∗(X)
×
−−−−→ C∗(X ×X)
e∆∗
−−−−→ C∗(X).
Here the map × assigns to a ellular ohain c1⊗ c2 ∈ C
q1(X)⊗Cq2(X) the
ohain c1 × c2 ∈ C
q1+q2(X ×X) whose value on a ell e1 × e2 ∈ X ×X is
(−1)q1q2c1(e1)c2(e2). The map ∆˜
∗
is indued by a ellular approximation ∆˜
of the diagonal map ∆: X → X ×X. In ohomology, the map (4.4) indues
a multipliation H∗(X) ⊗ H∗(X) → H∗(X) whih does not depend on a
hoie of ellular approximation and is funtorial. However, the map (4.4)
is not itself funtorial beause of the arbitrariness in the hoie of a ellular
approximation.
In the speial ase X = ZK we may apply the following onstrution.
Consider a map ∆˜ : D2 → D2 ×D2, dened in polar oordinates z = ρeiϕ ∈
D2, 0 ≤ ρ ≤ 1, 0 ≤ ϕ < 2π as follows:
ρeiϕ 7→
{
(1 + ρ(e2iϕ − 1), 1) for 0 ≤ ϕ ≤ π,
(1, 1 + ρ(e2iϕ − 1)) for π ≤ ϕ < 2π.
This is a ellular map taking ∂D2 to ∂D2 × ∂D2 and homotopi to the
diagonal ∆: D2 → D2 × D2 in the lass of suh maps. Taking an m-fold
produt, we obtain a ellular approximation
∆˜: (D2)m → (D2)m × (D2)m
whih restrits to a ellular approximation for the diagonal map of ZK for
arbitrary K, as desribed by the following ommutative diagram:
ZK −−−−→ (D
2)m
e∆
y ye∆
ZK ×ZK −−−−→ (D
2)m × (D2)m
.
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Note that this diagonal approximation is funtorial with respet to those
maps ZK1 → ZK2 of moment-angle omplexes that are indued by simpliial
maps K1 → K2 (see Lemma 4.2).
Lemma 4.6. The ellular ohain algebra C∗(ZK) dened by the diago-
nal approximation ∆˜ : ZK → ZK × ZK and (4.4) is isomorphi to R
∗(K).
Therefore, we get an isomorphism of the ohomology algebras:
H[R∗(K)] ∼= H∗(ZK ;Z).
Proof. We rst onsider the ase K = ∆0, that is, ZK = D
2
. The ellular
ohain omplex of D2 is additively generated by the ohains 1 ∈ C0(D2),
T ∗ ∈ C1(D2) and D∗ ∈ C2(D2) dual to the orresponding ells, see Fig-
ure 3. The multipliation dened in C∗(D2) by (4.4) is trivial, so we get a
multipliative isomorphism
R∗(∆0) = Λ[u]⊗ Z[v]/(v2 = uv = 0)→ C∗(D2).
Now, for K = ∆m−1 we obtain a multipliative isomorphism
f : R∗(∆m−1) = Λ[u1, . . . , um]⊗Z[v1, . . . , vm]/(v
2
i = uivi = 0)→ C
∗((D2)m)
by taking the tensor produt. Sine ZK ⊆ (D
2)m is a ell subomplex for
arbitrary K we obtain a multipliative map q : C∗((D2)m)→ C∗(ZK). Now
onsider the ommutative diagram
R∗(∆m−1)
f
−−−−→ C∗((D2)m)
p
y yq
R∗(K)
g
−−−−→ C∗(ZK).
Here the maps p, f and q are multipliative, while g is an additive isomor-
phism by Lemma 4.5. Take α, β ∈ R∗(K). Sine p is onto, we have α = p(α′)
and β = p(β′). Then
g(αβ) = gp(α′β′) = qf(α′β′) = gp(α′)gp(β′) = g(α)g(β),
and g is also a multipliative isomorphism, whih nishes the proof. 
Combining the results of Lemmas 2.11, 2.12, 4.4 and 4.6, we ome to the
main result of this setion.
Theorem 4.7. There is an isomorphism, funtorial in K, of bigraded alge-
bras
H∗,∗(ZK ;Z) ∼= TorZ[v1,...,vm]
(
Z[K],Z
)
∼= H
[
Λ[u1, . . . , um]⊗ Z[K], d
]
,
where the bigrading and the dierential in the last algebra are dened by (2.4).
As an illustration, we give two examples of partiular ohomology alula-
tions, whih have a transparent geometrial interpretation. More examples
of alulations may be found in [8℄.
Example 4.8. 1. Let K = ∂∆m−1. Then
Z[K] = Z[v1, . . . , vm]/(v1 · · · vm).
The fundamental lass of ZK ∼= S
2m−1
is represented by the bideg (−1, 2m)
oyle u1v2v3 · · · vm ∈ Λ[u1, . . . , um]⊗ Z[K].
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2. Let K = {v1, . . . , vm} (m points). Then ZK is homotopy equivalent to
the omplement in Cm to the set of all odimension-two oordinate planes,
see Example 3.9. Then
Z[K] = Z[v1, . . . , vm]/(vivj , i 6= j).
The subspae of oyles in R∗(K) is generated by
vi1ui2ui3 · · · uik , k ≥ 2 and ip 6= iq for p 6= q,
and has dimension m
(
m−1
k−1
)
. The subspae of oboundaries is generated by
the elements of the form
d(ui1 · · · uik)
and is
(m
k
)
-dimensional. Therefore
dimH0(ZK) = 1,
dimH1(ZK) = H
2(U(K)) = 0,
dimHk+1(ZK) = m
(
m−1
k−1
)
−
(
m
k
)
= (k − 1)
(
m
k
)
, 2 ≤ k ≤ m,
and multipliation in the ohomology of ZK is trivial. Note that in general
multipliation in the ohomology of ZK is far from being trivial; for example
if K is a sphere triangulation then ZK is a manifold by Lemma 3.3.
The above ohomology alulation suggests that the omplement of the
subspae arrangement from the previous example is homotopy equivalent to
a wedge of spheres. This is indeed the ase, as the following theorem shows.
Theorem 4.9 (GrbiTheriault [16℄). The omplement of the set of all
odimension-two oordinate subspaes in Cm has the homotopy type of the
wedge of spheres
m∨
k=2
(k − 1)
(
m
k
)
Sk+1.
The proof is based on an analysis of the homotopy bre of the inlusion
DJ (K) →֒ BTm, whih is homotopy equivalent to ZK (or U(K)) by Corol-
lary 3.7. We shall return to oordinate subspae arrangements one again in
the next setion.
5. Appliations to ombinatorial ommutative algebra
5.1. A multipliative version of Hohster's theorem. As a rst ap-
pliation we give a proof of a generalisation of Hohster's theorem (Theo-
rem 2.9) obtained by Baskakov in [3℄.
The bigraded struture in the ellular ohains of ZK an be further re-
ned as
C∗(ZK) =
⊕
ω⊆[m]
C∗, 2ω(ZK)
where C∗, 2ω(ZK) is the subomplex generated by the ohains T (σ, ω \ σ)
∗
with σ ⊆ ω and σ ∈ K. Thus, C∗(ZK) now beomes a Z ⊕ Z
m
-graded
module, and the bigraded ohomology groups deompose aordingly as
(5.1) H−i, 2j(ZK) =
⊕
ω⊆[m] : |ω|=j
H−i, 2ω(ZK)
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where H−i, 2ω(ZK) := H
−i[C∗, 2ω(ZK)].
Given two simpliial omplexes K1 and K2 with vertex sets V1 and V2
respetively, their join is the following omplex on V1 ⊔ V2:
K1 ∗K2 := {σ ⊆ V1 ⊔ V2 : σ = σ1 ∪ σ2, σ1 ∈ K1, σ2 ∈ K2}.
Now we introdue a multipliation in the sum⊕
p≥−1,
ω⊆[m]
H˜p(Kω)
where Kω is the full subomplex and H˜
−1(∅) = Z, as follows. Take two
elements α ∈ H˜p(Kω1) and β ∈ H˜
q(Kω2). Assume that ω1 ∩ ω2 = ∅. Then
we have an inlusion of subomplexes
i : Kω1∪ω2 = Kω1 ⊔Kω2 →֒ Kω1 ∗Kω2
and an isomorphism of redued simpliial ohains
f : C˜p(Kω1)⊗ C˜
q(Kω2)
∼=
−→ C˜p+q+1(Kω1 ∗Kω2).
Now set
α · β :=
{
0, ω1 ∩ ω2 6= ∅,
i∗f(a⊗ b) ∈ H˜p+q+1(Kω1⊔ω2), ω1 ∩ ω2 = ∅.
Theorem 5.1 (Baskakov [3, Th. 1℄). There are isomorphisms
H˜p(Kω)
∼=
−→ Hp+1−|ω|,2ω(ZK)
whih are funtorial with respet to simpliial maps and indue a ring iso-
morphism
γ :
⊕
p≥−1,
ω⊆[m]
H˜p(Kω)
∼=
−→ H∗(ZK).
Proof. Dene a map of ohain omplexes
C˜∗(Kω)→ C
∗+1−|ω|,2ω(ZK), σ
∗ 7→ T (σ, ω \ σ)∗.
It is a funtorial isomorphism by observation, whene the isomorphism of
the ohomology groups follows.
The statement about the ring isomorphism follows from the isomorphism
H∗(ZK) ∼= H[R
∗(K)] established in Lemma 4.5 and analysing the ring stru-
ture in R∗(K). 
Corollary 5.2. There is an isomorphism
H−i,2j(ZK) ∼=
⊕
ω⊆[m] : |ω|=j
H˜j−i−1(Kω).
As a further orollary we obtain Hohster's theorem (Theorem 2.9):
Tor−i,∗
Z[v1,...,vm]
(Z[K],Z) ∼=
⊕
ω⊆[m]
H˜ |ω|−i−1(Kω).
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5.2. Alexander duality and oordinate subspae arrangements re-
visited. The multipliative version of Hohster's an also be applied to o-
homology alulations of subspae arrangement omplements.
A oordinate subspae an be dened either by setting some oordinates
to zero as in (3.4), or as the linear span of a subset of the standard basis
in Cm. This gives an alternative way to parametrise oordinate subspae
arrangements by simpliial omplexes. Namely, we an write
{Lω : ω /∈ K} = {span〈ei1 , . . . , eik〉 : {i1, . . . , ik} ∈ K̂}
where K̂ is the simpliial omplex given by
K̂ := {ω ⊆ [m] : [m] \ ω /∈ K}.
It is alled the dual omplex of K. The ohomology of full subomplexes
in K is related to the homology of links in K̂ by means of the following
ombinatorial version of the Alexander duality theorem.
Theorem 5.3 (Alexander duality). Let K 6= ∆m−1 be a simpliial omplex
on the set [m] and σ /∈ K, that is, σ̂ = [m] \ σ ∈ K̂. Then there are
isomorphisms
H˜j(Kσ) ∼= H˜
|σ|−3−j(link bK σ̂).
In partiular, for σ = [m] we get
H˜j(K) ∼= H˜
m−3−j(K̂), −1 ≤ j ≤ m− 2.
A proof an be found in [9, 2.2℄. Using the duality between the full
subomplexes of K and links of K̂ we an reformulate the ohomology al-
ulation of U(K) as follows.
Proposition 5.4. We have
H˜i(U(K)) ∼=
⊕
σ∈ bK
H˜2m−2|σ|−i−2(link bK σ).
Proof. From Proposition 3.8 and Corollary 5.2 we obtain
Hp(U(K)) =
⊕
τ⊆[m]
H˜p−|τ |−1(Kτ ).
Nonempty simplies τ ∈ K do not ontribute to the above sum, sine the
orresponding subomplexes Kτ are ontratible. Sine H˜
−1(∅) = k the
empty subset of [m] only ontributes k to H0(U(K)). Hene we may rewrite
the above formula as
H˜p(U(K)) =
⊕
τ /∈K
H˜p−|τ |−1(Kτ ).
Using Theorem 5.3, we alulate
H˜p−|τ |−1(Kτ ) = H˜
|τ |−3−p+|τ |+1(link bK τ̂) = H˜
2m−2|bτ |−p−2(link bK τ̂),
where τ̂ = [m] \ τ is a simplex in K̂, as required. 
24 TARAS PANOV
Proposition 5.4 is a partiular ase of the well-known GoreskyMapherson
formula [15, Part III℄, whih alulates the dimensions of the (o)homology
groups of an arbitrary subspae arrangement in terms of its intersetion
poset (whih oinides with the poset of faes of K̂ in the ase of oordi-
nate arrangements). We see that the study of moment-angle omplexes not
only allows us to retrieve the multipliative struture of the ohomology of
omplex oordinate subspae arrangement omplements, but also onnets
two seemingly unrelated results, the GoreskyMapherson formula from the
theory of arrangements and Hohester's formula from ombinatorial ommu-
tative algebra.
5.3. Massey produts in the ohomology of ZK . Here we address the
question of existene of non-trivial Massey produts in the Koszul omplex
[Λ[u1, . . . , um]⊗ Z[K], d]
of the fae ring. Massey produts onstitute a series of higher-order opera-
tions (or brakets) in the ohomology of a dierential graded algebra, with
the seond-order operation oiniding with the ohomology multipliation,
while the higher-order brakets are only dened for ertain tuples of oho-
mology lasses. A geometrial approah to onstruting nontrivial triple
Massey produts in the Koszul omplex of the fae ring has been developed
by Baskakov in [4℄ as an extension of the ohomology alulation in Theo-
rem 5.1. It is well-known that non-trivial higher Massey produts obstrut
the formality of a dierential graded algebra, whih in our ase leads to a
family on nonformal moment-angle manifolds ZK .
Massey produts in the ohomology of the Koszul omplex of a loal ring R
were studied by Golod [14℄ in onnetion with the alulation of the Poinare
series of TorR(k,k). The main result of Golod is a alulation of the Poinare
series for the lass of rings with vanishing Massey produts in the Koszul
omplex (inluding the ohomology multipliation). Suh rings were alled
Golod in [17℄, where the reader an nd a detailed exposition of Golod's
theorem together with several further appliations. The Golod property
of fae rings was studied in [20℄, where several ombinatorial riteria for
Golodness were given.
The dierene between our situation and that of Golod is that we are
mainly interested in the ohomology of the Koszul omplex for the fae ring
of a sphere triangulation K. The orresponding fae ring k[K] does not
qualify for Golodness, as the orresponding moment-angle omplex ZK is a
manifold, and therefore, the ohomology of the Koszul omplex of k[K] must
possess many non-trivial produts. Our approah aims at identifying a lass
of simpliial omplexes with non-trivial ohomology produt but vanishing
higher-order Massey operations in the ohomology of the Koszul omplex.
Let Ki be a triangulation of a sphere S
ni−1
with |Vi| = mi verties, i =
1, 2, 3. Set m := m1 +m2 +m3, n := n1 + n2 + n3, and
K := K1 ∗K2 ∗K3, ZK = ZK1 ×ZK2 ×ZK3 .
Note that K is a triangulation of Sn−1 and ZK is an (m+ n)-manifold.
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Given σ ∈ K, the stellar subdivision of K at σ is obtained by replaing
the star of σ by the one over its boundary:
ζσ(K) = (K \ starK σ) ∪ (cone ∂ starK σ).
Now hoose maximal simplies σ1 ∈ K1, σ
′
2, σ
′′
2 ∈ K2 suh that σ
′
2 ∩ σ
′′
2 =
∅, and σ3 ∈ K3. Set
K˜ := ζσ1∪σ′2(ζσ′′2∪σ3(K)).
Then K˜ is a triangulation of Sn−1 with m+ 2 verties. Take generators
βi ∈ H˜
ni−1(K˜Vi)
∼= H˜ni−1(Sni−1), i = 1, 2, 3,
where K˜Vi is the restrition of K˜ to the vertex set of Ki, and set
αi := γ(βi) ∈ H
ni−mi,2mi(Z eK) ⊆ H
mi+ni(Z eK),
where γ is the isomorphism from Theorem 5.1. Then
β1β2 ∈ H˜
n1+n2−1(K˜V1⊔V2)
∼= H˜n1+n2−1(Sn1+n2−1 \ pt) = 0,
and therefore, α1α2 = γ(β1β2) = 0, and similarly α2α3 = 0. In these
irumstanes the triple Massey produt 〈α1, α2, α3〉 ⊂ H
m+n−1(Z eK) is de-
ned. Reall that 〈α1, α2, α3〉 is the set of ohomology lasses represented
by the oyles (−1)deg a1+1a1f + ea3 where ai is a oyle representing αi,
i = 1, 2, 3, while e and f are ohains satisfying de = a1a2, df = a2a3. A
Massey produt is alled trivial if it ontains zero.
Theorem 5.5. The triple Massey produt
〈α1, α2, α3〉 ⊂ H
m+n−1(Z eK)
in the ohomology of (m+ n+ 2)-manifold Z eK is non-trivial.
Proof. Consider the subomplex of K˜ onsisting of those two new verties
added to K in the proess of stellar subdivision. By Lemma 4.2, the in-
lusion of this subomplex indues an embedding of a 3-dimensional sphere
S3 ⊂ Z eK . Sine the two new verties are not joined by an edge in Z eK , the
embedded 3-sphere denes a non-trivial lass in H3(Z eK). By onstrution
the dual ohomology lass is ontained in the Massey produt 〈α1, α2, α3〉.
On the other hand, this Massey produt is dened up to elements from the
subspae
α1 ·H
m2+m3+n2+n3−1(Z eK) + α3 ·H
m1+m2+n1+n2−1(Z eK).
The multigraded omponents of the group Hm2+m3+n2+n3−1(Z eK) dierent
from that determined by the full subomplex K˜V2⊔V3 do not aet the non-
triviality of the Massey produt, while the multigraded omponent orre-
sponding to K˜V2⊔V3 is zero sine this subomplex is ontratible. The group
Hm1+m2+n1+n2−1(Z eK) is treated similarly. It follows that the Massey prod-
ut ontains a unique nonzero element in its multigraded omponent and so
is nontrivial. 
As is well known, the nontriviality of Massey produts obstruts formality
of manifolds, see e.g. [2℄.
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Corollary 5.6. For every sphere triangulation K˜ obtained from another
triangulation by applying two stellar subdivisions as desribed above, the 2-
onneted moment-angle manifold Z eK is nonformal.
In the proof of Theorem 5.5 the nontriviality of the Massey produt is es-
tablished geometrially. A parallel argument may be arried out algebraially
in terms of the algebra R∗(K), as illustrated in the following example.
Example 5.7. Consider the simple polytope P 3 shown on Figure 4. This
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Figure 4.
polytope is obtained by utting two non-adjaent edges o a ube and has
8 faets. The dual triangulation KP is obtained from an otahedron by
applying stellar subdivisions at two non-adjaent edges. The fae ring is
Z[KP ] = Z[v1, . . . , v6, w1, w2]/IKP ,
where vi, i = 1, . . . , 6, are the generators oming from the faets of the
ube and w1, w2 are the generators orresponding to the two new faets, see
Figure 4, and
IP = (v1v2, v3v4, v5v6, w1w2, v1v3, v4v5, w1v3, w1v6, w2v2, w2v4).
The orresponding algebra R∗(KP ) has additional generators u1, . . . , u6, t1, t2
of total degree 1 satisfying dui = vi and dti = wi. Consider the oyles
a = v1u2, b = v3u4, c = v5u6
and the orresponding ohomology lasses α, β, γ ∈ H−1,4[R∗(K)]. The
equations
ab = de, bc = df
have a solution e = 0, f = v5u3u4u6, so the triple Massey produt 〈α, β, γ〉 ∈
H−4,12[R∗(K)] is dened. This Massey produt is nontrivial by Theorem 5.5.
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The oyle
af + ec = v1v5u2u3u4u6
represents a nontrivial ohomology lass [v1v5u2u3u4u6] ∈ 〈α, β, γ〉 and so
the algebra R∗(KP ) and the manifold ZKP are not formal.
In view of Theorem 5.5, the question arises of desribing the lass of sim-
pliial omplexes K for whih the algebra R∗(K) (equivalently, the Koszul
algebra [Λ[u1, . . . , um] ⊗ Z[K], d] or the spae ZK) is formal (in partiular,
does not ontain nontrivial Massey produts). For example, a diret alu-
lation shows that this is the ase if K is the boundary of a polygon.
5.4. Toral rank onjeture. Here we relate our ohomologial alulations
with moment-angle omplexes to an interesting onjeture in the theory of
transformation groups. This `toral rank onjeture' has strong links with
rational homotopy theory, as desribed in [1℄. Therefore this last subsetion,
although not ontaining new results, aims at enouraging rational homotopy
theorists to turn their attention to ombinatorial ommutative algebra of
simpliial omplexes.
A torus ation on a spae X is alled almost free if all isotropy subgroups
are nite. The toral rank of X, denoted trk(X), is the largest k for whih
there exists an almost free T k-ation on X.
The toral rank onjeture of Halperin [18℄ suggests that
dimH∗(X;Q) ≥ 2trk(X)
for any nite dimensional spae X. Equality is ahieved, for example, if
X = T k.
Moment angle omplexes provide a wide lass of almost free torus ations:
Theorem 5.8 (DavisJanuszkiewiz [11, 7.1℄). Let K be an (n− 1)-dimen-
sional simpliial omplex with m verties. Then trkZK ≥ m− n.
Proof. Choose an lsop in t1, . . . , tn in Q[K] aording to Lemma 2.3 and
write
ti = λi1v1 + . . .+ λimvm, i = 1, . . . , n.
Then the matrix Λ = (λij) denes a linear map λ : Q
m → Qn. Changing λ
to kλ for a suiently large k if neessary, we may assume that λ is indued
by a map Zm → Zn, whih we also denote by λ. It follows from Lemma 3.11
that for every simplex σ ∈ K the restrition λ|Zσ : Z
σ → Zn of the map λ to
the oordinate subspae Zσ ⊆ Zm is injetive.
Denote by TΛ the subgroup in T
m
orresponding to the kernel of the map
λ : Zm → Zn. Then TΛ is a produt of an (m− n)-dimensional torus N and
a nite group. The intersetion of the torus N with the oordinate subgroup
T σ ⊆ Tm is a nite subgroup. Sine the isotropy subgroups of the Tm-ation
on ZK are of the form T
σ
(see the proof of Theorem 3.12), the torus N ats
on ZK almost freely. 
Note that by onstrution the spae ZK is 2-onneted.
In view of Theorem 5.1, we get the following reformulation of the toral
rank onjeture for ZK :
dim
⊕
ω⊆[m]
H˜∗(Kω;Q) ≥ 2
m−n
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for any simpliial omplex Kn−1 on m verties.
Example 5.9. Let K the boundary of an m-gon. Then the alulation of [8,
Exam. 7.22℄ shows that
dimH∗(ZK) = (m− 4)2
m−2 + 4 ≥ 2m−2.
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